Continuous Multipartite Entangled State in Wigner Representation and the Violation 

of Zukowski-Brukner Inequality 
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We construct an explicit Wigner function for A^-mode squeezed state. Based on a previous 
observation that the Wigner function describes correlations in the joint measurement of the phase- 
space displaced parity operator, we investigate the non-locality of multipartite entangled state by 
the violation of Zukowski-Brukner A^-qubit Bell inequality. We find that quantum predictions for 
such squeezed state violate these inequalities by an amount that grows with the number A''. 
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Einstein, Podolsky and Rosen (EPR)challenged the 
completeness of quantum mechanics in a classic seminal 
paper in 1935jl||. In this paper, they reasoned that the 
wavefunction of a two-particle system in which the par- 
ticles are entangled in position and momentum (an EPR 
pair) and written exphcitly as 



(1) 



is incompatible with the completeness postulate. It was 
subsequently argued that additional variables (local hid- 
den variables) could be introduced to restore casuality 
and locality to quantum mechanics. 

A scheme for testing the compatibility of the theory 
of local hidden variables with quantum mechanics was 
subsequently proposed based on a different version of an 
EPR pair based on the entanglement of spin- 1/2 particles 
first introduced by Bohm. In particular, the possibility 
of local realism implies logical constraints on the statis- 
tics of two or more physically separated systems. These 
constraints can be expressed in the form of Bell-type in- 
equalities 0, 0, 01 B IS Idi ISl • For quantum mechanical 
systems, it was anticipated that these constraints could 
be violated with appropriate measurements. 

On the other hand, quantum correlations for position- 
momentum variables can be analyzed in position- 
momentum phase space using the Wigner function 
The Wigner function allows one to define a probabil- 
ity distribution in position-momentum phase space for a 
quantum mechanical particle. This formalism led even- 
tually to the formulation of a c-number approach to de- 
scribe the quantum effects in phase space including the 
development of various other efficient tools in a number 
of fields in modern physics ^3 • 

Indeed, a mixed state system can be represented by a 



density matrix p 



dy{q~y\p\q + y)e 



(2) 
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where p is a density operator, \q) is the eigenvector of 
the coordinate operator. An intuitive physical meaning 
of the Wigner function is that its marginal distribution 
in one of the variables gives the probability distibution 
of the particle in that space. For momentum, wc have 

Praomij)) = J W{q,p)dq and with position Ppos{q) = 
W{q,p)dp. 

Bellini had argued that the original EPR wave func- 
tion does not violate local realism because its joint 
Wigner distribution function W{qi,pi;q2,P2) is positive 
everywhere, and as such it will also admit a local hid- 
den variable description of signed position correlations. 
However, the choice of appropriate observables is impor- 
tant for testing the existence of local realism for a given 
state. In a recent work, Banaszek and Wodkiewicz 
considered parity measurement, a quantum observable 
which does not admit a local hidden variable descrip- 
tion, and interpreted the Wigner function as a correla- 
tion function for these parity measurements. They then 
showed that the original EPR state and the two-mode 
squeezed vacuum state violate local realism since they 
violate generalized Bell inequalities such as the Clauser- 
Horne inequality and the Clauser-Horne-Shimony- 
Holt (CIISII)Q inequality. In particular, they considered 
two-mode squeezed vacuum state produced through non- 
degenerate optical parametric amplification (NOPA)^^ 
in order to avoid problems related to the singularity of 
the unnormalizable EPR state. Moreover, in Ref. |ia |. 
it was shown that despite its positive definiteness, the 
Wigner function of the EPR state could provide direct 
evidence of the non-locality. 

The two-mode squeezed vacuum state generated in a 
nondegenerate optical parametric amplifier (N0PA)^3| 



2 



is given by 

|NOPA) = e'-("I'^2-aia,)|QQ^ ^ ^ ^^I'^^^'j'" I"")' (3) 



n=0 



cosh? 



where r is known as the squeezing parameter and \nn) = 

^(al)"(4)" |00L The NOPA states 
3 be written as 



IWl IW2 = Ff( 
I NOPA) can also 



|NOPA) = - tanh^ r J dq J dq'g{q,q';ta.nhr)\qq'), 



where g{q,q';x) 



= exp 



2 I /2 



-2qq X 

^ — 



(4) 
and 



\qq') = (g) |g')2, with \q) being the eigenstates 

of the position operator. Since Ivciix^i g {q, q' ] x) = 
5{q — q'), one has Unir^oo / dq ^ dq' g{q, q' ;tSLiihr)\qq') = 
/ dqlgg) — |EPR), which is just the original EPR states. 
Thus, in the infinite squeezing limit, |NOPA) \r~too be- 
comes the original, normalized EPR states. Since the 
original EPR state is an unnormalized S function, a nor- 
malizable state generated in a NOPA can avoid problem 
arising from this singularity. 

The Wigner function can be associated directly with 
the parity operator. The connection between the par- 
ity operator (—1)" and the Wigner function provides an 
equivalent definition of the latter^J. The Wigner repre- 
sentation of the parity operator is not a bounded reality 
corresponding to the dichotomic result of the measure- 
ment. This enables violation of Bell inequality for quan- 
tum states described by positive-definite Wigner func- 
tion. 

The relation between the non-locality of arbitrary mul- 
tipartite entangled states and the Wigner function re- 
mains an open question. Recently, tripartite entangled 
state representation of the Wigner operator and the cor- 
responding Wigner function have been found by Fan and 
Jiang 15]. They focused principally on a generalization 
of the Wigner function and its marginal distributions, 
without invoking the non-locality issue. A general Bell 
inequality which is a sufficient and necessary condition 
for the correlation function for N particles has been de- 
scribed in Ref. |8|. In this work, measurements on each 
particle were chosen from two arbitrary dichotomic ob- 
servables. Namely, the Zukowski-Brukner inequality was 
derived for observables with eigenvalues -1-1 or —1, which 
are also the spectrum of the displaced parity operator. 
Thus this general Bell theorem for general N-qubit states 
provides a useful tool to test the violation of local real- 
ism of multipartite quantum states described by Wigner 
function. With this motivation, we derive an expression 
for the Wigner function of N-mode squeezed state in this 
Letter. By expressing the correlation function using the 
Wigner function, we show that the multipartite entangled 
state violates local realism, and this violation is enhanced 
with increasing dimension, N. 

To this end, we first choose parity operators as the 
observables for testing violation of local realism for a 
squeezed state. The Wigner function can be expressed 



as the expectation value of a product of displaced parity 
operators as follows 



Q!2, QfAf) cx n(ai, 02, aAr) 



(5) 



where Il{ai, 02, a^) is the expectation value of the 
joint displaced parity operator (i.e. the measured ob- 
servable) 



n(ai, Q!2, QfAr) = Di{ai). 



X I?Ar(ajv)(-l) 



ni + ...+njv 



D]^\aN)-D^\ai) (6) 



In the above expression, Di{ai) — exp(aia^ — a* a) 
denotes the displacement operators for the subsystem i, 
where a(a^) is annihilation (creation) operator. We also 
equate the correlation functions given by the displaced 
parity operator (_iy"i+ - +"N g^g i^j-^g equivalent Wigner 
function In this way, we see that the non-local re- 
alsitic description is embedded in the dichotomic corre- 
lation measurements given by the phase-space Wigner 
function for the entangled state. 



E{ai,a2, aw) = U{ai,a2, ajv) 



(7) 



The Wigner function, or equivalently the correlation 
function for multipartite system, can be calculated using 
the expectation value of the operator under the A'^-mode 
squeezed state. This new squeezed state, a SU{1, 1) co- 
herent state, is given as 

|r) = V\0) = exp[r(W^+ - W-)]\0) (8) 

where |0) = |00...0) is a N-mode vacuum state, and 
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(9) 



W+ is a A-mode squeezing operator and x and y are the 
coefficients which can be determined by the fact that the 
above formula satisfies the closed SU (1,1) Lie algebra: 
^ -2B,[W+,B] = -W+,[W-,B] = W-. The 
final result is 



''"'t.-r+^t m (10) 
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N 



N 



^ '''''' 



4=1 



(11) 



i<j=l 



The A^-mode squeezed state is characterized by the 
squeezing parameter r. The Wigner function of the 
squeezed state is calculated in the following way. When 



3 



r is zero, namely when no squeezing occurs, the Wigner 
function is given by 



£'(«!, a2, ...,aAr) = (0|n(ai,a2, •■•,a7v)|0) 



N 



(12) 



When r 7^ 0, the new Wigner function can be constructed 
from 

E'{ai,a2,-,aN) = {r\fl{ai,a2, ■■■,aN)\r) 
= (0|n(a'i,a'2,...,a^)|0) 



N 



exp[-2 5]|a;p] 



(13) 



where Il{a[, a'2, a'j^)is the squeezed displaced parity 
operator given in Eq.®. After some lengthy calculation, 
we arrive at the following relations. 



N 

V^^d^V = coshra^ + sinhr( — -— aj + — y^al) (14) 

N N ■' 

N 

2 2 

V^^alV = cosh raj + sinhr( — ;^aj + "a? X/ ^j)' ^^^^ 



N 



The latter relation can be employed to yield the Wigner 
function of N-mode squeezing state 



N 



E'{ai,a2, ■■■,aN) — exp{— 2cosh2r^ | 



N 



N 



sinh2r ^^(aiOfj + a*a*) 



N -2 
N 



N 



sinh2r^(a,2+af)} (ig) 



The Wigner function of the original EPR state is recov- 
ered in the limit of r — s- cx) for N = 2. 



The iV-NOPA field modes are equivalent to an entan- 
gled state of N oscillators. When = 3, the Wigner 
function is 



i?'(ai, a2, as) = exp{— 2 cosh 2r \ai 

4 , , 

-I- - sinh2r 2_^(ajaj -I- a* a*) 

-isinh2r^(a?-f«f)} 



(17) 



1=1 



and this is the same as the result given in Ref. JJJ . The 
correlation function is determined by considering mea- 
surements corresponding to the settings q\ = 0,af = a, 
oi^ = 0, a| = a, and Ofg = —a, a\ = 0, where (i=l,2,3 
and j=l,2) is the jth measurement setting for ith particle, 
and a is a positive constant associated with the displace- 
ment magnitude. From these combinations, the following 
quantity can be constructed 



= E'{0, 0, 0) + E'{0, a, -a) + E'{a, 0, -a) - E'{a, a, 0) 

8 4 

= 1 + 2 exp{(— 4 cosh2r — - sinh2r — - sinh2r)a^} — exp{(— 4cosh2r 



- sinh 2r sinh 2r)a^} (18) 

3 3 



For local hidden variables theories, we have the inequality 
—2 < B{3) < 2. If we perform an asymptotic analysis 
for large |r| with r < 0, cosh2r and sinh2r can be re- 
placed by e~^^ /2 and —e^'^^/2 respectively, and Ea. H18|) 
becomes B{3) = 3 — exp{ — |e^^''a^} We see that when 
a^/e^'" is large enough, the Bell inequality for three qubits 
is violated when i3(3) approaches the value Sgpt = 3. 

For A^ = 4, and choosing all ai to be reals, the Wigner 
function can be written as 

£''(cki, Q!2, 0:3, 0:4) = exp{(— 2cosh2r — sinh2r) 
4 4 
X -I- 2sinh2r^Q;iaj} (19) 



Evaluate the quantity .B(4), and applying the A^-qubit 
Bell inequality, we have 
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B(4) = -E'{al,al,al,al) + E'{a\,al,al,al) + E'{al,al,al,al) + E'{al,al,al,al) 
+E' {al, aj, al, al) + E'{al,al,al,al) + E'{al,al,al,al) - E'{al,al,al,al) 
+E'{al,al,al,al) + E'{al,al,al,al) + E'{al,al,al,al) - E' {a\,a\,al,a\) 

,7Tn//2 2 1 1\ ij^l t 2 2 1 2\ jj^l I 1 2 2 1\ tt^i I 1 2 2 2\ /on^ 

+i. (ai,a2.a3>"4) - ^ ("i, "2^ "3^ "4) - («!, "a^ "4) ^ "2; "sj "4) (20) 



F = 2/Sopt(iV) 


iV = 2 


N = Z 


N = f^ 


TV = 5 


TV = 6 


TV = 7 


ME states 


0.707 


0.5 


0.354 


0.25 


0.177 


0.125 


Oscillator 


0.913 


0.667 


0.544 


0.4 


0.318 


0.229 



TABLE I: Threshold visibility for 2 < TV < 7 
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FIG. 1: Critical visibility of N-qubit Bell inequality 
(N=2,3,4,5,6,7) for both maximally entangled state and the 
entangled state of oscillator. 

Under a local realistic description, S(4) < 4. By choos- 
ing appropriate measurements, we have iSqp|;(4) = 7.357. 
That is to say that the 4-mode NOPA state shows strong 
non-locality, which is stronger compared with 3-mode or 
2-mode NOPA states. 



We also consider the strength of violation or visibil- 
ity {y ) as the minimal amount Y of the given entangled 
state IV') that one has to add to pure noise, p^oise' 
the resulting state violates local realism. The quantity 
V is thus the threshold visibility above which the state 
cannot be described by local realism, and it is sometimes 



called the critical visibility. More specifically, we consider 
Werner state of the form = -I- (1 — ^)Pnoise 

where p^oise ~ //2^ is the completely mixed state. 
As shown in 8], for the maximally entangled state 

IV'>GHZ = l/\^(|0)i • • • |0)iv + |l)i • • • |l)7v), the Werner 
state cannot be described by local realism if and only if 
V > 1/V2^. 

We repeat the calculation for entangled states for TV 
oscillators (TV = 2,3,4,5,6,7) and their results are suc- 
cinctly summarized in Tableland compared to the values 
for maximally entangled states. To see the variation of V 
with TV, we also plot V versus the number of particles TV 
both for maximally entangled (ME) states and entangled 
states of oscillators. Naturally it is not surprising to see 
that the two systems show similar variations of V with in- 
creasing dimension TV. Alternatively, if one consider the 
optimal value of the violation for the Zokowski-Brukner 
inequalities, the optimal value for this violation grows 
with TV. Increasing the number of qubits, in this case, 
will not bring us any closer to the classical regime, but 
rather it appears to discriminate better the quantum and 
the classical boundary. We also see that the entangled 
states of the oscillator do not violate the TV-qubit Bell 
inequality as much as the maximally entangled states do 
since NOPA state is not maximally entangled. However 
from the experimental perspective, NOPA state is easier 
to generate than |'0)ghZ- 

Our study shows that the multipartite entangled state 
in the Wigner representation exhibits non-local realism 
and this violation of local realism can be observed using 
TV-mode NOPA state. The violation of local realism for 
NOPA state can be manifested through the violation of 
TV-particle Bell inequality for a state described by the 
Wigner function. This provides an exciting possibility to 
test the violation of local realism for the TV-mode entan- 
gled state experimentally for the general case using the 
quantum TV-mode squeezed state. 
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